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A Cayley permutation (C-permutation for short) of length n is a permutation p of n elements 
with possible repetitions from a set {a~ . . . . .  a~} of n elements with an order relation, subject o 
the condition that ff an element a~ appears in p, then all elements aj< a~ also appear in p. An 
enumeration formula for C-permutations is derived, which exhibits the equivalence to the 
solution of many other combinatorical enumerative problems. A 1-1 correspondence between 
C-permutations and a subset of ordered rooted trees called Cayley trees is established, thus 
providing a simple and elementary proof for the enumeration formula for Cayley trees. Finally, 
algorithms for generating C-permutations, ranking ordinary permutations with repetitions and 
ranking C-permutations are given. 
1. Introduction 
Let S = {al . . . .  , an} be a set of elements with an order relation. Throughout we 
shall assume that al <" • • < an. A C-permutation p of length n is defined to be a 
permutation of n elements from S with possible rePetitions, provided that if a~ 
appears in p, then also all elements ai < a~ appear in p. In fact, S may contain 
more than n elements, but in any C-permutation of length n, only the first n 
elements of S can appear. For example, if S is the set of natural numbers, then 
there are 13 C-permutations of length 3: 111, 112, 121, 211, 122, 212, 221, 123, 
132, 213, 231, 312, 321. The number of C-permutations for n ~< 15 is given in 
Table 1. A sequence with the same initial values was obtained for various 
seemingly unrelated problems (see [12]), such as the number of a certain subclass 
of trees, to be called Cayley trees in the sequel [2], the number of multipartite 
compositions [9], preferential rrangements, hat is the number of ways in which n 
different hings can be distributed into an unknown number of different parcels 
without blank lots, ([6], [4, p. 61]) and the number of lists of sets [10]. Further 
interpretations are mentioned at the end of [6]. The nth dement  f(n) of this 
sequence is given by 
i=1 
[6]; (1) 
* Supported in part by a grant of Bank Leumi Le'Israel. 
0012-365X/84/$3.00 © 1984, Elsevier Science Publishers B.V. (North-Holland) 
102 M. Mor, A.S. Fraenkel 
Table 1. Number of C-permutations 
n Number of C-permutations 
0 1 
1 1 
2 3 
3 13 
4 75 
5 541 
6 4 683 
7 47 293 
8 545 835 
9 7 087 261 
10 102 247 563 
11 1 622 632 573 
12 28 091 567 595 
13 526 858 348 381 
14 10 641 342 970 443 
15 230 283 190 977 853 
n! times the coefficient of x" in (2-eX) -1 
" d" I 
~-2x . (e x - 1)' [61; 
i=l x=0 
~ i"2 -i-1 [6]; 
i=1 
[21; (2) 
(3) 
r= l  r=l  i=O 
where S(n, r) are the St~ling numbers of the second kind. "lhe equivalence of 
these formulas is proved in [6]. 
In Section 2 we define a C-permutation tree and show in a very simple way that 
the number of C-permutations of length n is given by (1). It follows in particular 
that the number of C-permutations is identical to the number of objects in any of 
the above mentioned classes, and so the sequences agree not only in their initial 
segments, but are in fact identical. Section 2 also contains an explicit formula for 
enumerating C-permutations, which seems more efficient han (1) for computer 
evaluations. Section 2 finally establishes a 1-1 correspondence between C- 
permutations and a subclass of ordered rooted trees considered by Cayley, thus 
providing an elementary and simple proof that (1) enumerates Cayley trees. An 
explicit and a recursive algorithm for generating C-permutations are given in 
Section 3. Algorithms for ranking ordinary permutations with possible repetitions 
and, conversely, finding an ordinary permutation with given rank, are given in 
Section 4. These algorithms are used in the final Section 5 for formulating two 
analogous algorithms for ranking C-permutations. 
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The motivation for this work is its applicability to dictionary compression. The 
above mentioned algorithms were programmed and used to compress very large 
dictionaries. The idea is to replace each dictionary word w = Wl ' "wk  by a 
lexicographically ordered string ( lex form ) v = v l  " • • vl (l <~k ) of its distinct letters. 
The index  of w with respect o v is a sequence of length k consisting of the 
numbers 1 . . . . .  l such that i f  w~ =v i, then the ith sequence number is j 
(1 ~<j ~< l, 1 ~<i~ < k). The index enables reconstructing w from v. The lexforms are 
stored in fast memory, and the indexes, which clearly constitute a collection of 
C-permutations, on disk. Ranking them leads to further compression. For details 
see .[5]. 
2. C-~rmutation enumeration and correspondence with Cayley trees 
All C-permutations of length n can be represented by an ordered tree of height 
n, whose edges at level t denote the number of occurrences of element a, 
(l~<t~<n). The tree is called the C-permutat ion  tree of height n. Its leaves 
(terminal nodes) contain all permutations of length n with specified multiplicities 
for each element. The tree is directed from the root to the leaves. For example, 
the C-permutation tree of height 4 is displayed in Fig. 1 (where here and below 
the directions on the edges are omitted). Leaf A contains all ordinary permuta- 
tions of {al, a2, a3, a4}, B of (al, aa, a3, a3) . . . . .  H of {al, al, al, al}. 
Since the number of permutations with n~ repetitions of a~ is n l / (nx! .  • • rhI) 
Ixo 
X 
|xa 4 
~2t ~ x~! ~2 1  c 2 2xo2 
I txQ 3 txo 3 
3xol 
Ixa2 
Fig. 1. C-permutations of length 4. 
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(z~t=l n~ = n), leaf A represents 24 permutations, which we denote by 1A1=24. 
Similarly, Inl= 12, ICI = 12, IDI =4, IEI = 12, I l l=6, IGI =4, Inl= 1. Summing 
we get f (4)= 75. 
The edges on the first level of a C-permutation tree represent all occurrences of 
the element at. Thus a C-permutation tree of height n can be decomposed into n 
C-permutation subtrees of lengths 0 to n -1  corresponding to 0, 1 . . . . .  n -1  
occurrences of elements a~ (i > 1) in the subtree. 
Theorem 1. Let f(n) denote the number of C-permutations of length n. Then f(n) 
satislies the recurrence (1), subject o f(O) = 1. 
PreeI .  Given a C-permutation of length n of the elements {at . . . . .  a,}. Let i 
denote the number of occurrences of element at. The number of possible 
positions for the i occurrences of al is (7)- After determining the positions of the 
at's, all C-permutations of the elements {a2 . . . . .  a,-i+l} can be formed in the 
remaining n - i positions. This holds for every i = 1 . . . . .  n. Therefore the number 
of C-permutations of length n is given precisely by (1). []  
Note that (1) is merely a consolidation of the decomposition of the C- 
permutation tree of height n into subtrees. By iterating (1) we obtain " 
n ml  
where the summation is over all 2 " - I  subsets {ml . . . . .  ink} of {1, 2 . . . . .  n -  1}. 
For example, 
f(4) = 1 + (~) + 0 + (~)0 + (~) + (~)(3) + (~)(~) + (~)(~)(~) = 75. 
A direct correspondence between C-permutations and a subclass of ordered 
rooted trees considered by Cayley will now be established. These so-called Cayley 
trees are characterized by two properties: (i) all leaves are on the same level, (ii) at 
every level other than the leaf-level at least one node has at least two sons. If all 
leaves are on level h, we call such a tree a Cayley tree of height h. 
If T is a Cayley tree of height h with n + 1 leaves, then there are n spaces 
between adjacent leaves. Every two leaves have a common ancestor. The com- 
mon ancestor of two leaves 11 and 12 on the level closest to the leaf level will be 
denoted by A(ll, 12) and the level by L(lt, 12). If the space between two adjacent 
leaves It and 12 is associated with i=  h-L ( l l ,  12) and if h ~<n, then we obtain a 
C-permutation of length n consisting of all natural numbers i ~< h (with possible 
repetitions), since at every level of T other than h at least one node has two or 
more sons. By traversing the leaves of two distinct Cayley trees 7"1 and T2 from 
left to right and writing down the L 's  of all pairs of adjacent leaves, we clearly 
Cayley permutations 105 
must reach a first L in T1 with a different value than in T2. Therefore two distinct 
Cayley trees T1 and T2 induce different C-permutations. 
Example. A Cayley tree of height h = 4 and its corresponding C-permutation 
(1, 3, 3, 4, 2) are shown in Fig. 2. The ith element is i = h - L(/j,/~+1) (1 ~< i, j ~< 5). 
Conversely, given a C-permutation of the natural numbers 1 . . . .  , n, say 
cl . . . . .  c.,, we construct a corresponding Cayley tree of height h= 
max{c1 . . . . .  c~}~ < n with n + 1 leaves as follows, proceeding in the order from ll to 
/.+1: Construct a node A(ll, 12) at level h-c1, connected by Cl edges to each of 
the leaves 11 and 12. If ~ and ~+1 are two adjacent leaves, the level of A(~,/t'+1) 
will be h -q  (l~<i~<n): For l< i~n,  if ci >c~ =max{q: 1~]<i} ,  then A(~, ~+1) 
will be a new node, connected by c~ =h-L(li.,/i+1) edges to ~÷1 and by 
c~-(h-L(/",/.+1)) edges to A( / . ,  /.+1). Otherwise, A(~,/i+1) will be the vertex 
at distance ci = h -L (~,  ~÷1) from ~ on the path from ~ to A( / . , / .÷1) ,  and will be 
connected by c~ edges to ~+1. 
This construction results in a Cayley tree of height h <~ n. Since a C-permutation 
contains all elements up to the largest, every level of the constructed tree contains 
a node with at least two sons. Also, different C-permutations on {1 , . . . ,  n} clearly 
induce different Cayley trees. Since the number of C-permutations on the set 
{1 . . . . .  n} is evidently the same as the number of C-permutations on a set of the 
form {al . . . . .  an: a l<"""  <an}, we have proved: 
Theorem 2. The number of Cayley trees with n + 1 leaves is identical to the number 
[(n) of C-permutations o[ length n, given by (1). 
Note that Theorems 1 and 2 provide a simple and elementary proof that the 
number of Cayley trees with n + 1 leaves of height at most n is given by (1). 
Furthermore, the number of Cayley trees of the above type is given by (2), as 
derived in a simple manner in [2]. Since (3) follows immediately from (2) (see [6]), 
Theorem 2 provides a simple proof that the number of C-permutations of length 
n is also given by (3). 
Level 0 
Level t 
Level 2 
Level 3 
Level 4 
Fig. 2. A Cayley tree of height 4 and its associated C-permutation. 
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3. Generating C-Permutations 
The generat ion of all C-permutat ions of length n of the set A = 
{at . . . . .  an : at  <"  • • < a,.} can be per formed by the following algorithm: 
A lgor i thm A.  (i) Assign ax to the root of a binary tree T. 
(ii) For i = 1 to n - 1 do: For  all nodes on level i, where node Nk contains a~, 
assign aj+x to the left son of Nk and a i to the right son of Nk (k = 1 . . . . .  2 i, j = 
1 . . . . .  i). 
(iii) For  all leaves Ik of T (k = 1 . . . . .  2"-1), generate all permutat ions of the n 
elements which label the path f rom the root to lk. (This generat ion can be done by 
algorithms for generating permutat ions with repetit ions uch as described in [1], 
[3], [7], [11].) 
Example.  A = {1, 2, 3, 4}. The tree generated (level by level) is displayed in Fig. 
3. The elements on the paths are: {1, 2, 3, 4}, {1, 2, 3, 3}, {1, 2, 2, 3}, {1, 2, 2, 2}, 
{1, 1, 2, 3}, {1, 1, 2, 2}, {1, 1, 1, 2}, {1, 1, 1, 1}. All permutat ions of these sets gener-  
ate all 75 C-permutat ions of length 4 as we saw in Section 2. 
Validity proof  ot A lgor i thm A. Every C-permutat ion of length n can be per-  
muted to an ordered C-permutat ion of length n (a~l, • . . ,  a~,) such that a~i = a~.i+ 1 
or a~ i = a~.j÷l-1, l~<j<n.  Every such permutat ion is represented by a unique 
path in the tree T constructed by Algor i thm A. Conversely,  every path of T 
represents a unique ordered C-permutat ion (a~l . . . . .  a~,) of length n, which 
represents all C-permutat ions consisting of the elements {a~l . . . . .  a~n}. I-'l 
A lgor i thm B below is a recursive form of A lgor i thm A, which does not use a 
tree explicitly. The idea is to start f rom a vector of l ' s  and increment by 1 the last 
i e lements recursively for i = 1 . . . . .  n - 1. 
A lgor i thm B. Let V= (V1 . . . . .  V,)  denote a vector of length n. 
Initialization. Assign V~ <--- 1 (i = 1 . . . . .  n) 
Output  V. 
/ \  / \  
3 2 2 I /\ /\ /\ /\ 
4 3 3 2 5 2 2 1 
Fig. 3. Tree generation of C-permutations. 
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Main.  For k = n to 2 by -1  do 
1, i=1  . . . . .  k -1  
Vi~-  2, i=k  . . . . .  n 
Output V 
Call CPERM(V, k) 
End 
CPERM(V, k) 
Y ~- V{Y= (Y1 . . . . .  Y . )  is a temporary vector of the same length as V} 
For j=n  to k+lby- ldo  
V*- -Y  
V, ,--- V, + 1 ( i= j  . . . . .  n) 
Output V 
If j < n then Call CPERM(V, j) 
End 
End CPERM 
Example. n = 5. Initialization (1, 1, 1, 1, 1) 
k -- n Main (1, 1, 1, 1, 2) 
k = n - 1 Main (1, 1, 1, 2, 2) 
CPERM(V, n - 1) (1, 1, 1, 2, 3) 
k = n -2  Main (1, 1, 2, 2, 2) 
CPERM(V, n -2 )  (1, 1, 2, 2, 3) 
(1, 1, 2, 3, 3) 
CPERM(V, n - 1) (1, 1, 2, 3, 4) 
k = n - 3 Main (1, 2, 2, 2, 2) 
CPERM(V, n - 3) (1, 2, 2, 2, 3) 
(1 ,2 ,2 ,3 ,3 )  
CPERM(V, n - 1) (1, 2, 2, 3, 4) 
CPERM(V, n -  3) (1, 2, 3, 3, 3) 
CPERM(V, n -2 )  (1, 2, 3, 3, 4) 
(1 ,2 ,3 ,4 ,4 )  
CPERM(V, n - 1) (1, 2, 3, 4, 5) 
4. Rnnking ot permutations with repetitions 
Let ~- denote an ordinary permutation with repetitions of length n from a set of 
distinct elements {a l , . . . ,  a,}, where the element a~ is repeated n~ times (1 ~< i ~< 
t, 1 ~< t~< n). Then ~=1 n~ = n. As is well known, the number of such permutations 
is n !/(n~! . . .  n~ !). In this section an algorithm to rank these permutations will be 
described. 
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The algorithm is based on a natural ordering of combinations uch that any 
combination out of (~) combinations (without repetitions) is associated with a 
unique serial number. It makes use of the combinatorial representation and the 
mixed radix representation of integers. 
Given a positive integer k, the combinatorial representation of a positive integer 
n is (al . . . . .  ak) where 
n=kk} \k - l~  1 ' 
subject to 0 ~ a~ < a2 <" • • < ak for uniqueness. See [8, p. 8]. 
A combination c out of a set of (~) combinations i fixed by selecting k positions 
b~ . . . . .  bk with l~b~<- . .<bk<~n out of n positions. The rank r of c 
(0 ~< r < (~)) is defined to be 
n k n-hi 
(k ) - i~ l  (k - i+  1) -1  
([8, p. 28], [4, p. 33]). Conversely, the rank of a combination c determines the 
positions b~ . . . . .  bk: Given the rank r of a combination out of (~) combinations 
(0 <~ r < (~)), represent 
R=( ; ) - r - l=~ ( Q ) 
i=1 k - ]+ l 
in the combinatorial representation. Then bj =n-q  (l~<]~<k) are the desired 
positions. 
Algor i thm C (for ranking a permutation -rr with repetitions) 
Phase 1 
1. Calculate the rank rl of the combination of the nl elements al  out of n 
elements. Delete the elements a~ from 7r. 
2. Calculate the rank r2 of the combination of the n2 elements a2 out of n -  nl 
elements. Delete the elements a2. 
i. Calculate the rank r~ of the combination of the n~ elements a~ out of 
i - -1  n-~i=l  n~ elements. Delete the elements a~. 
t -1 .  Calculate the rank r,_~ of the combination of the n~_~ elements out of 
nt_~ + nt elements. 
Phase 2 
Consider the ranks rx . . . . .  rt-a obtained by Phase 1 as digits of a number in 
mixed radix representation r im1"" mt-2+r2mx ' '" mr-3+"""  + rt-x with bases 
ml = , m2 = , . . . .  mi . . . . .  mr_ ~ \ ~-1 nl x n i " 
The result is the rank of ~r. 
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Example .  ~- = 3232112313323.  Then (al ,  a2, a3) = (1, 2, 3); n = 13, t = 3, nl = 3, 
n2=4,  n3=6;  n!/(nl[ n2! n3! )=60060.  
The elements '1 '  are at posit ions (bl, b2, b3) = (5, 6, 9). Hence  their rank is 
13 3 r~=(a) -  Z ( 13 -b /~-1  
- , -  j=l \3 - ]+1/  =204.  
Delet ing the elements of type '1':  3 2 3 2 2 3 3 3 2 3. The  rank of the elements of 
type '2'  is 
(10)  1c10 1 
r2= 4 - j  \4 - ]+1/  =108.  
Now m~ = (~33) = 286, rn2 = (~o) = 210. The rank of 1r in mixed radix representa-  
tion is thus 204x  286+ 108 = 58452. 
Given the rank r of a permutat ion with repetit ions ~r of length n where the 
e lement a~ occurs n~ times (l<~i<-t, ~=x n~ = n), the permutat ion can be com- 
puted as follows: 
A lgor i thm D (for finding a permutat ion ~- with repetit ions of given rank) 
(i) Represent  the given rank r in mixed radix representat ion with bases 
() n , n n - -  , ' ' ' '  1 ' ' ' ' '  
n I n2 \ nt -  1 " 
(ii) Calculate the posit ions bl of the elements a~ in the combinat ion sought, out 
of the 
n- -  r~ 
j = x possible combinations,  
by comput ing the digits q of the combinator ia l  representat ion of Ri = rn~ - ~ - 1, 
where ~ are the digits of the mixed radix representat ion ~-~ ~rr~ • • • rr~_i_l, and 
then putt ing b~ = n - q (1 ~< l ~< r~, m0 = 1). 
(iii) Substitute the posit ions iteratively, starting f rom the elements a l  and 
finishing with the e lements a,. 
Example .  G iven the rank r = 58452 of a permutat ion with repetit ions, n = 13, 
nl = 3,  n2 = 4 ,  n3 = 6 ,  (al, a2, a3) = (1, 2,  3) .  
(i) Transforming r to mixed radix representat ion with base (~33) =
286, (134-3) = 210: 58452 = 204 x 286 + 108. 
(ii) '1' :  R I= (½3)- 204-1= 81 = (~) + Q + (~). 
Hence  the positions of the elements '1'  are: 13 -8  = 5, 13 -  7 = 6, 13 -4  = 9. 
'2':  R2=(~) -108-1  = 101 =(8)+~)+(~)+(1) .  
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Hence the positions of the elements '2' are: 10 -8=2,  10-6=4,  10-5=5,  
10-1  = 9 out of the 10 remaining spaces (i.e. disregarding the already filled 
spaces). 
(iii) Subst i tut ing ' 1': 1 I I l l l l l  I I l l  I I I I 
23456 "r s 9 I0 II 12 13 
Substituting'T: I lzl lallll121 Itl 1121 I 
1234 56  78910 
Substituting '3': lalalalaltl l lZlall lalalalal 
The requested permutation is thus 3232112313323. 
5. Ranking o! C-Permutations 
Given a C-permutation p of length n, there exists a C-permutation tree T in 
which p is contained in a leaf L. The tree T is determined uniquely by the length 
n of p. The rank of p is calculated as follows: 
Algorithm E (for computing the rank of a C-permutation) 
(i) Calculate the rank of p within the leaf L in T using Algorithm C. 
(ii) Calculate the displacement of the leaf L in T, where the displacement is the 
total number of C-permutations in the leaves to the left of L. 
The rank of a C-permutation is defined to be the sum of the results of (i) and 
(fi). 
I~mmn. The displacement ofa leaf in a C-permutation tree of height n is given by 
k --1 ~ rlk --1 __ 
{[~-I~-1 (n -~-~l ) ] [ ,~1  (n-~k=l~ni)f(n ~1 n i _ / ) ]} ,  (4) 
k=l  \ ni i=x 
where nl is the multiplicity of element i, s = max~>o{i} s the number of different 
elements, ~=1 nl = n and f(j) is the number of C-permutations of length j. 
l~root. Any edge e~ = (u~, vi) on the path from the root of T to L represents the 
multiplicity n~ of element a~ (l~<i~<s) (Fig. 1). In the subtree rooted at u~, the 
edge e~ is preceded on the left by n~- 1 edges representing multiplicities n~- 1, 
n~-2 . . . . .  1 of a~. Specifically, edge el corresponding to element ax with multi- 
plicity nx is preceded to the left by n t -1  edges corresponding to multiplicities 
j = n I - -  1 ,  n 1 - -  2 . . . . .  1 of a~. Each such edge terminates in the root of a subtree 
which is a C-permutation tree of height n - j ,  containing 
"~ (~)f(n-,)  C-permutations. 
i=X 
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By a similar reasoning, edge e2 is preceded by 
n~X(n_n l )  
,, 
nl i=i ] 
edge e3 is preceded by 
(n ! - -n2) f (n - -n l - -n2 - - ' )  
kMI/k n 2 / i=1 ] 
C-permutat ions and in general, by summing these numbers of C-permutat ions for 
el . . . . .  es, we obtain (4). [ ]  
Example. Given the C-permutat ion 21122, we have n = 5, nl = 2, n2 = 3, s = 2. 
- (i) The elements '1 '  are at positions 2 and 3. Therefore their rank is 
(5) _ (s22)_ (sZ3) _ 1 = 4. 
(ii) Using (4), 
(5)f(4) + [O(3)f(2) + O0f (1 ) ]  = 5 x 75 + 30 x 3 + 30 x 1 = 495. 
Therefore the rank of 21122 is 4+495 =499.  
Conversely, given the rank r of a C-permutat ion of length n, the following 
procedure can be applied in order to obtain the corresponding C-permutation.  
Algor i thm F (for computing a C-permutat ion of given rank and length) 
(i) For k = 1, 2 . . . . .  compute the largest integer nk such that the value tk of (4) 
is <rk-~, and put rk = rk-1 -- tk, where r0 = r. 
(ii) After  completion of (i), rs is the rank of a permutat ion with repetitions of 
length n and multiplicities hi, n2 . . . . .  n~ of the elements. Therefore by Algor ithm 
D, the required C-permutat ion can be obtained. 
Example.  Given the rank r = 499 of a C-permutat ion of length n = 5. 
(i) (5)/(4) = 375 < ro, (5)/(4) + 0 / (3 )  = 505 > r0. 
Therefore the number  of elements ax is nl =2 ,  and r x = 499-375  = 124. Now 
0(3) / (2)  = 90 < rl, 90 + Q0/ (1 )  = 120 < rl, 120 + (~)(~)/(0) > rl. 
Therefore the number  of elements a2 is n 2 = 3. Thus r 2 = 124-120 = 4. 
(ii) F rom (i) it follows that the requested C-permutat ion is rank 4 of the 
combination of the elements 11222 (assuming (al, a2)= (1, 2)). Us ing Algor i thm 
D, (23) -4 -1  = (23)+ ~), and so the elements '1 '  are at positions 5 -3  = 2, and 
5 -2= 3. Hence the requested C-permutat ion is 21122. 
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